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Guided matter wave inertial sensing in a miniature physics package
K. D. Nelson,1 C. D. Fertig,1 P. Hamilton,2, a) J. M. Brown,2, b) B. Estey,2, c) H. Mu¨ller,2 and R. L. Compton1, d)
1)Honeywell International Inc., 12001 Highway 55, Plymouth, MN 55441, USA
2)Department of Physics, University of California, Berkeley, CA 94720, USA
We describe an ultra-compact (∼ 10 cm3 physics package) inertial sensor based on atomic matter waves that
are guided within an optical lattice during almost the entire interferometer cycle. We demonstrate large
momentum transfer (LMT) of up to 8~k photon momentum with a combination of Bragg pulses and Bloch
oscillations with scalability to larger numbers of photons. Between momentum transfer steps, we maintain
the atoms in a co-moving optical lattice waveguide so that the atoms are in free space only during the Bragg
pulses. Our guided matter wave approach paves the way for atomic inertial sensing in dynamic environments
in which untrapped atoms would otherwise quickly collide with the walls of a miniature chamber.
Inertial sensing is foundational to modern era naviga-
tion systems, which tyically rely on a filtered combination
of inputs from inertial measurements and the global po-
sitioning system (GPS)1. With growing concerns around
the vulnerability of GNSS to jamming and spoofing2,3, it
is desirable to identify inertial sensing technologies that
can enable navigation for long periods of time in the ab-
sence of GNSS correction. Atom interferometers hold
great promise due to the traceability of inertial sensitivity
to stable quantities like the momentum transferred to an
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FIG. 1. (a) Drawing of miniature ∼ 10 cm3 physics pack-
age, machined from BK7 glass with AR coated windows at-
tached by glass frit process. Magnetic field coils are wound
on non-metallic cores, including MOT coils oriented along the
y-axis, field nulling coils along all axes, and a bias field coil
along the x -axis. Gravity is along the y-axis and optical mo-
mentum transfer is along the x -axis. Titanium tubes (blue)
are attached by glass frit to conduct vacuum and insert Rb
metal. (b) Separation of BBB and Bragg-only interferome-
ter paths as a function of interferometer cycle timing. The
dashed vertical lines denote time of Bragg diffraction pulses.
Green shading denotes acceleration due to Bloch oscillations
for the BBB path only. The pink shaded region denotes a co-
moving lattice for the BBB path only. The time tw is a wait
time between Bragg and Bloch sections, tB is the duration
of the Bloch acceleration, th is the hold time in the lattice
in-between BOs, and τ is the Bragg pulse separation time.
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atom by a photon4–6. Several groups have demonstrated
mobile atom interferometers, but even the most recent
versions represent initial steps, at best, toward meeting
size, weight, and power (SWaP) requirements for most
terrestrial and aerospace applications7–19.
Sensor scale factor is proportional to the separation
distance between the arms of the interferometer, so the
key challenge for miniaturization is to obtain a suffi-
ciently large separation distance within a short interro-
gation time, before the atoms collide with the wall of
the chamber as a result of their own thermal motion, or
the acceleration of the platform, a goal that aligns with
a desirable sensor bandwidth and update rate, reduc-
ing performance requirements for solid state co-sensors20.
One potential path toward greater miniaturization is the
use of large momentum transfer (LMT) techniques to
increase the rate of separation between the arms, en-
abling larger scale factor with a shorter interrogation
time. LMT based on high order Bragg transitions is
limited by constraints on atom cloud temperature21,22,
while LMT based on consecutive light pulses is limited
by the compounding of inefficiencies with each Raman
transition23.
These limitations to LMT interferometry can be over-
come by a combination of small momentum transfer
atom optics (Raman or Bragg beamsplitter and mir-
ror) followed by Bloch oscillations to accelerate the sep-
aration velocity between the two arms of the atom
interferometer24–26. In the Bragg-Bloch-Bragg (BBB)
scheme, the two arms of the interferometer preserve a
common internal state, which greatly reduces deleteri-
ous phase shifts due to the AC Stark effect25 , making
this approach particularly suitable to inertial sensing27.
Recently, high contrast fringes have been demonstrated
in a BBB configuration with up to 408 ~k photon mo-
menta between interferometer arms28, as well as in an
optical cavity assisted interferometer that provides deep
lattices at large detunings, enabling extreme robustness
against vibration29. To date, however, there have been no
demonstrations of LMT atom interferometry in a minia-
ture package that is comparable in size to state-of-the-art
navigation grade inertial sensors.
Here, we implement a BBB interferometer loaded from
magneto-optically trapped atoms in a miniature ∼ 10
cm3 vacuum chamber, demonstrating progress toward ro-
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2bust atomic inertial sensing in small, low-cost packaging.
With large momentum transfer nearly perpendicular to
local gravity, we report an initial factor of four increase
in scale factor sensitivity for a small projection of grav-
ity along the acceleration sensitive axis. In doing so, we
note that the atoms are supported in a co-moving optical
lattice during portions of the interferometer cycle where
there is no Bloch acceleration, so that this approach rep-
resents a nearly fully guided matter-wave interferometer,
in which the atoms are well supported against gravity
and other accelerations. This work therefore represents
a milestone on the path toward robust atomic inertial
sensing in packaging that is comparable in size, weight,
and power consumption to state-of-the-art optical gyros.
We also discuss sensitivity to rotation, which arises as
the atoms accelerate along the the gravitational vector,
perpendicular to the axis of optical momentum transfer,
thereby enclosing an area.
As shown schematically in Fig. 1(a), we implemented
a Bragg-Bloch-Bragg (BBB) interferometer25 in a com-
pact vapor cell ∼ 10 cm3 containing laser cooled 87Rb
atoms supplied by benchtop laser sources. A master laser
was locked to an optical transition near 780.241 nm us-
ing saturated absorption spectroscopy. Cooling light was
furnished by a slave laser that was locked at a frequency
offset relative to the master using a beat-note between
the two lasers. A second slave laser, also referenced to
the master, was locked either 3 GHz red relative to the
F = 1 → F ′ transition to drive Raman transitions or
approximately 12 GHz blue relative to the F = 1 → F ′
transition to drive Bragg and Bloch transitions. Raman
beams were delivered with circular polarization, while
Bragg and Bloch lightwaves were linearly polarized. Ra-
man, Bragg, and Bloch k-vectors were oriented along the
x -axis of Fig. 1(a), with a 1/e2 beam waist of 3.5 mm. To
generate Raman sidebands, light from the second slave
laser was modulated at 6.834 GHz using a fiber-coupled
electro-optic modulator (EOM). To remove the carrier
and unwanted sidebands, light from the EOM was split
and then directed through a pair of temperature stabi-
lized etalons, each tuned to transmit at only one of the
Raman transitions.
The schematic trajectory shown in Fig. 1(b) forms
a Mach-Zehnder atom interferometer with three Bragg
pulses of duration tpi that transfer 4~k momentum and
are separated in time by T . In between the Bragg pulses,
Bloch oscillation (BO) sections transfer addtional mo-
mentum 2N~k to each arm, for a combined total momen-
tum separation between arms of (4+4N)~k. The combi-
nation of Bragg and Bloch oscillations has been referred
to as a Bragg-Bloch-Bragg (BBB) interferometer25. The
phase of a BBB atom interferometer can be shown (see
Supplemental Material) to be
φ = 4kgT [T +N(tB + th)], (1)
where we note that N is the number of Bloch oscillations
for each arm, while 4N~k is the additional momentum
separation between the two arms, due to Bloch oscilla-
tions.
The experimental cycle begins with 210 ms of laser
cooling in a magneto-optical trap (MOT). The MOT coils
are switched off, and the MOT field decays over 5 ms to
a value less than 100 mG, established by a combination
of magnetic field nulling coils and a single layer magnetic
shield. During this 5 ms period, the cooling light is de-
tuned by 10’s of MHz to support polarization gradient
cooling, resulting in a population ∼ 106 atoms at a tem-
perature of ∼ 5µK. Approximately 1/3 of these atoms
are distributed into the |F = 1,mF = 0〉 sublevel by the
cycling transition after the repump light is turned off.
Next, a bias field ∼ 100 mG establishes a quantization
axis along the x -axis (see Fig. 1(a). From the magnet-
ically insensitve |F = 1,mF = 0〉 population, a narrow
velocity class is transferred from |F = 1,mF = 0, p = 2〉
to |F = 2,mF = 0, p = 0〉 by a 150 µs Raman pi pulse
applied along the x -axis, while the remaining atoms are
subsequently distributed across the seven magnetic sub-
levels of |F = 2〉 by a 500 µs repump step. A sec-
ond Raman pi pulse, also of duration 150µs, now per-
forms a velocity selection from |F = 2,mF = 0, p = 0〉
back into |F = 1,mF = 0, p = 2〉, followed by 1 ms of
resonant light to blow away the remaining atoms in
|F = 2〉, leaving a population of indeterminate size in
the |F = 1,mF = 0, p = 2〉 state with a Gaussian veloc-
ity distribution having a FWHM ∼ 1vrec along the se-
lection axis, corresponding to a 1D temperature T ≈ 60
nK. The atoms remain in the |F = 1,mF = 0〉 internal
state for the entire interferometer sequence.
After a 100 µs delay for settling of laser locks, the
interferometer cycle begins. The atomic wavefunction is
split by a Bragg pi/2 beamsplitter pulse of 60µs duration,
shaped with a Gaussian temporal profile having FWHM
≈ 10 µs and peak power ≈ 15 mW. For the beamsplitter
pulse, the frequencies of the lattice beams f1 and f2 were
equal in the lab frame, placing the atoms in a superpo-
sition of |p = 2〉 and |p = −2〉 momentum states. The
lattice light is turned off for 10 µs and then the intensity
in each of three beams is linearly ramped to ≈ 8 mW
over 100 µs to form a double optical lattice in which each
lattice is co-moving with one of the divided momentum
states. The double lattice was formed by passing one of
the lattice beams through an AOM that was being driven
at two different frequencies f2 and f3, while the other lat-
tice beam remained at the same frequency f1 that had
been used for the Bragg beamsplitter pulse. The total
time between the peak of the Bragg pulse and the begin-
ning of Bloch oscillations is tw = 140µs. Next, in order to
drive Bloch oscillations, frequencies f2 and f3 are ramped
through +8fr and −8fr respectively, where the recoil fre-
quency fr ≈ 3.77 kHz for 87Rb. The Bloch ramp is linear
in frequency, occuring on a timescale of tB = 150 µs, re-
sulting in population transfer to the | p = ±4〉 states,
giving a total momentum separation of 8 ~k for the two
halves of the wavefunction.
The atoms remain in the lattice for a hold time th
3that was varied from 1 µs to 2 ms before reversing the
process. In reverse, the lattice is ramped back down in
frequency and then in intensity, and finally left off for 10
µs before driving a Bragg pi pulse. The Bragg pi pulse
has the same temporal width as the Bragg pi/2 beam-
splitter, but a higher intensity ≈ 25 mW, and acts as a
mirror to swap the momentum states of the two halves of
the wavefunction. The process of raising the lattice and
sweeping Bloch oscillations is then repeated, ending with
a final Bragg pi/2 pulse.
Following the interferometer cycle, readout occurs by
mapping velocity states onto internal states and integrat-
ing fluorescence from spectrally distinct states. A 150
µs velocity sensitive Raman pulse transfers atoms from
|F = 1,mF = 0, p = 2〉 to |F = 2,mF = 0, p = 0〉. The
atoms are allowed to expand ballistically for 1.5 ms, and
then the first readout pulse occurs, with fluorescence
from the cycling transition collected on a photodetec-
tor, measured via a transimpedance amplifier, and in-
tegrated for 200µs to produce a single voltage Va. The
atoms are repumped for 40µs resulting in the entire pop-
ulation collected in the |F = 1〉 state and then the flu-
orescence collection is integrated for another 200µs re-
sulting in a total fluorescence signal Vb. Finally after
1.5 ms of continuous probe light to blow away remain-
ing cold atoms, the background vapor fluorescence level
Vc is measured and integrated for 200µs. The fraction
of atoms in the |p = 2〉 arm of the interferometer is then
taken to be |〈p = 2|Ψ〉|2 = (Va−Vc)/(Vb−Vc). Not men-
tioned above are two technical delays of 400−500µs prior
to the Vb and Vc fluorescence collections, to ensure that
the phototdetector integrators have been cleared of all
prior signals.
In the second case, all of the same timings were used,
but there was no lattice light on during any of the lattice
steps, so only a Bragg interferometer was implemented,
with a maximum momentum separation of 4 ~k between
halves of the wavefunction.
The interferometer was mounted on an optical table,
with the acceleration sense axis (optical axis for lattice
light) tilted slightly away from horizontal by adjusting
the pneumatic floats, resulting in a small projection of
gravity onto the sense axis. We first implemented the
simple 4 ~k Bragg interferometer, without Bloch oscilla-
tions, resulting in the interferometer fringes of Fig. 2(a),
which shows the fraction of atoms in the |p = 2〉 veloc-
ity state as a function of holding time th at the point of
maximum separation velocity. Open circles denote ex-
perimental data obtained from an average over 21 data
sets and are connected by solid black lines as a guide to
the eye.
The dashed blue lines in Fig. 2 are fits to Eq. 3, with
T = 2(tw + tB) + th, and including phenomenological
DC offset, linear, and exponential decay terms. The
fits were restricted to data between th = 500 µs and
2 ms, in order to mitigate the effects of the finite dura-
tion tB = 30 µs of the Bragg pulses. For Fig. 2(a), the
fit yields g = 0.1370 ± 0.0012 m/s2 for the projection
FIG. 2. Interferometer fringes for a 4~k Bragg interferometer
(a) and an 8~k BBB interferometer (b), both with a small
component of gravity projected onto the acceleration sensi-
tive axis by tilting the sense axis slightly away from horizon-
tal. Fraction of atoms in |v = 2〉, determined by mapping the
velocity state onto internal state |F = 2〉. Open circles are
experimental data, connected by solid lines as a guide to the
eye. Dotted red lines are the results of numerical simulations,
and the dashed blue line is a fit to Eq. 3.
of gravity along the accelerometer sense axis, consistent
with an approximate measure of tilt angle based on mea-
sured heights of the corners of the optical table relative
to the floor. The fit yields a decay time τdata ≈ 1.1
ms, which can be compared with numerical simulations.
Numerical solutions of the Schro¨dinger equation, based
on a Crank-Nicolson solver30, are shown as dotted red
lines, and yield a favorable qualitative fit to the data for
the same value of projected g. Monte Carlo treatment
of cloud temperature, with T = 60 nK, yields a notice-
able exponential decay of the simulation data, although
with a slightly longer time constant than observed in the
data, suggesting that decoherence of the interferometer
signal is dominated by external factors, especially plat-
form vibration. Single photon scattering due to the 12
GHz detuned Bragg beams is negligible.
A rapid oscillation as a function of holding time th,
with a period of approximately 30 µs, is superposed on
Bragg fringes of Fig. 2(a). These oscillations are narrow
interference fringes whose period corresponds approxi-
mately to the inverse Rabi frequency of the Bragg mirror
transition. These narrow interference fringes are well re-
produced in numerical simulations and are due to unde-
sired transitions between |p = ±2〉 and |p = 0〉, occuring
because the energy separation ≈ 15 kHz x h between
4the states is easily accessed by the comparable Rabi fre-
quency for the Bragg pulses.
Fig. 2(b) shows the results of the full BBB interfer-
ometer, with N = 1, meaning that one Bloch oscilla-
tion has been added to each arm of the interferometer,
for a total of 8~k peak momentum separation for the
two paths, including equal contributions from Bragg and
Bloch processes. The fit to Eq. 3, again restricted to
500µs < th < 2 ms, yields g = 0.1366 ± 0.0010 m/s2,
consistent with the previous Bragg result, and a signifi-
cantly shorter decay time τBBB ≈ 580µs. The shorter de-
cay time is likely related to the overall reduced contrast
as compared to the simpler Bragg-only case, but cannot
be attributed to a greater level of single photon scatter-
ing, which is only ∼ 1% over an entire 2 ms cycle, even
though the atoms spend all but ∼ 100µs in the 12 GHz
blue detuned lattice. Note that two lattices are always
present - a blue detuned lattice that is co-moving with
the atoms and traps them at intensity nodes, minimiz-
ing scattering, plus a lattice that is moving in a direction
opposite to the atoms, and therefore affects the atoms
with an RMS average scattering intensity but does not
drive Bloch transitions. Simulations do not adequately
capture the overall loss of contrast for the BBB interfer-
ometer, but otherwise yield a reasonable qualitative fit
to the chirped sinusoid.
We note that the horizontal orientation of the ac-
celerometer sense axis means that the gravitational ac-
celeration vector is very nearly perpendicular to the k-
vector of optical momentum transfer. Because of this,
the trajectories of the waveguide paths move downward
as they separate, so that the interferometer path encloses
an area, as in Fig. 3, which causes the interferometer
phase to be sensitive to rotations about the z -axis of
Fig. 1(a) in addition to accelerations along the x -axis.
With only a single interferometer, we are unable to si-
multaneously measure finite acceleration and rotation,
but can nevertheless investigate interferometer responses
in a lab setting where inertial inputs are well controlled.
For the inferred trajectory Fig. 3, the sensitivity at 104
seconds of integration time is 2◦/hr., which supports sen-
sitivity to Earth rate ≈ 15◦/hr. However, in the present
laboratory setup, we were unable to rotate the sense axis
with respect to Earth’s rotation axis in order to distin-
guish the contribution to the phase shift due to Earth’s
rotation from other systematic contributions.
We have demonstrated an accelerometer based on a
nearly fully guided matter wave interferometer. Using
the Bragg-Bloch-Bragg approach, we have demonstrated
a scale-factor enhancement of nearly a factor of four rel-
ative to a conventional Raman interferometer with 2 ~k
momentum separation between the arms. Because the
atoms are supported by an optical lattice against gravity
and other accelerations, the accelerometer has potential
to perform robustly for missions requiring high dynamic
range. The BBB interferometer contrast was significantly
degraded due to decoherence of the wavefunction, likely
arising from laser intensity noise, but this can be miti-
FIG. 3. (a) Calculated trajectory for matter waves falling in
the y-direction while being separated by lightwaves with a k
vector along x. The area enclosing path provides sensitivity to
rotations. A second optical lattice (not shown) applied along
the y-direction would enable scalability to navigation grade
gyroscope performance. (b) Allan variance of the phase shift
for the Bragg Bloch interferometer. Application of inertial
scale factors to these data indicates stability to at least 50 µg
and 2 ◦/hr at 104 s of integration.
gated in future implementations.
The sensitivity for this approach will likely be driven
by the need for ultra-cold atoms in order to obtain
high efficiency Bragg transitions required for the atom
optics (beamsplitter and mirror pulses). Raman velocity
selection, used here to obtain a sub-recoil population,
discards a large fraction of the Maxwell-Boltzmann
distribution obtained from optical molasses. Advanced
cooling techniques, such as free space Raman cooling31,32
or Raman sideband cooling33,34, would be necessary to
in order to boost SNR to competitive levels.
SUPPLEMENTAL MATERIAL
Supplemental material, below, derives analytical
expressions for the phase evolution of the Bragg-Bloch-
Bragg interferometer, following both perturbative and
non-perturbative approaches. Both approaches result in
the expression of Eq. 3.
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SUPPLEMENTAL MATERIAL
The interferometer shown in Fig. 1 is a Mach-Zehnder
atom interferometer with three Bragg pulses of duration
tpi that transfer 4~k momentum and are separated in
time by T . In between the Bragg pulses, Bloch oscilla-
tion (BO) sections transfer addtional momentum 2N~k
to each arm, for a combined total momentum separation
between arms of (4 + 4N)~k.
The combination of Bragg and Bloch oscillations
has been referred to as a Bragg-Bloch-Bragg (BBB)
interferometer25. The paths shown in Fig. 1 are best
defined by specifying the acceleration as a function of
time. We assume that the inteferometer is initiated with
an upward momentum of 2~k, and that the first Bragg
laser pulse, occuring at t = 0, transfers −4~k. We will
assume that the Bragg pulses have negligible duration,
an assumption that works for T  tpi. Accelerations for
the upper au and lower al paths as a function of time t
are
au = −g − 4vrδ(t− T ) + 4vrδ(t− 2T )
+ aB

1, if (tw < t < tw + tB)
‖(2T − tw − tB < t < 2T − tw)
−1, if (T − tw − tB < t < T − tw)
‖(T + tw < t < T + tw + tB),
al = −g − 4vrδ(t) + 4vrδ(t− T )
+ aB

−1, if (tw < t < tw + tB)
‖(2T − tw − tB < t < 2T − tw)
1, if (T − tw − tB < t < T − tw)
‖(T + tw < t < T + tw + tB),
(2)
where g is the acceleration of free fall, vr = ~k/m is
the single-photon recoil velocity for an atom of mass m
and laser wavenumber k, δ(t) is the Dirac delta function,
and aB is the magnitude of the acceleration during the
Bloch section, in addition to g. All quantities in Eq. 2
are measured in the rest frame of the apparatus. From
the accelerations, the velocity and position of the atoms
are calculated by integration.
The phase of atom interferometers due to a constant
(spatially) gravitational acceleration g can be calculated
perturbatively. For this purpose, we first evaluate the
trajectories Eq. 2 for g = 0. Such an interferometer has
zero phase difference between the arms, as can be shown
by direct calculation. With the unperturbed trajecto-
ries as a starting point, we then estimate the phase for
g 6= 0 by integrating the potential mgz(t) over these un-
perturbed trajectories:
φ =
1
~
∫
mg[xu(t, g = 0)− xl(t, g = 0)]dt
= 4kgT [T +N(tB + th)], (3)
where we again note that N is the number of Bloch os-
cillations for each arm, while 4N~k is the additional mo-
mentum separation between the two arms, due to Bloch
6oscillations. Calculating the trajectories and the integral
is straight-forward but tedious and will be omitted here.
In the non-perturbative approach, we break down the
total phase ∆φ as
∆φ = ∆φF + ∆φL, (4)
where the first term is the free evolution phase differ-
ence ∆φF , obtained by integrating the Lagrangian along
the closed path of the interferometer, and the second
term is the laser phase ∆φL. Whenever the atom ab-
sorbs a photon, the local phase of the photon is added to
the atomic matter wave packet, and subtracted for stim-
ulated emission. To evaluate the phase, we note that
∆φF = 0, as in the usual Mach-Zehnder atom interfer-
ometer. We then calculate the laser phase due to the
Bragg diffractions, and finally the laser phase due to the
Bloch oscillations.
Free Evolution Phase: The contributions to the free
evolution phase
∆φF =
1
~
∮
L(t)dt (5)
that arise when all light is off can be calculated by
standard methods. This section considers those parts
that arise during Bloch oscillations. During Bloch oscil-
lations, the atoms are in a potential
V (z) = −V0 cos2 [k(z − at2/2] +mg · z (6)
By choosing the minimum of the periodic potential to
be nonzero, we have assumed that the lattice is red de-
tuned. The atoms are assumed to follow the lattice. With
constant Bloch acceleration a, the coordinates of the par-
ticle are thus
z(t) = z0 + v0t+
at2
2
, z˙(t) = v0 + at. (7)
The phase accumulated during the time the lattice is
accelerating is given by
φB = φ
g
B + φ
T
B + φ
V
B + φ
osc
B (8)
where
φgB = −
gm
~
∫
z(t)dt (9)
is the phase due to the gravitation potential,
φTB = −
m
2~
∫
(v0 + at)
2dt (10)
the phase due to the kinetic energy,
φVB =
{
0 blue detuned
|V0|tB/~ red detuned (11)
the phase due to the lattice potential, and
φoscB = −
1
2
ωosctB (12)
the phase from the zero-point energy of the lattice har-
monic oscillator.
Assuming that φVB and φ
osc
B are the same for each Bloch
oscillation section, we can add the free evolution phase
accumulated in between Bloch oscillations and find that
∆φF = 0. (13)
This important result is arrived at in a laborious but
otherwise straightforward calculation.
Laser phase The laser phase from Bragg diffraction is
calculated in the usual way:
2k(xu(0)− xu(T ))− xl(T ) + xl(2T ) = 4kgT 2, (14)
recalling that the path separation due to the Bragg pulse
reflects 4k~k of momentum transfer.
To evaluate the laser phase during Bloch oscillations,
we look at one of the Bloch oscillation sections, which we
assume starts with atoms in each arm at a relative veloc-
ity v0 at t = 0. The total velocity change for each arm is
±2Nvr due to optical lattices accelerating both upward
and downward. One lattice beam remains constant in
frequency, while two additional lattice beams are swept
with a frequency difference that is started at ±δω = 2kv0
and ends at ±δω = 2k(v0 + 2Nvr), so
± δω(t) = 2kv0 + 4kNvrt/tB . (15)
The center of mass of a particle in each arm moves
according to
± x(t) = x0 + v0t+Nvrt2/tB . (16)
Momentum transfer occurs when the particles reach
the end of the Brillouin zone, which happens for the first
time when the particle has been accelerated by vr, at
t = tB/(2N), and then in intervals of tB/N , i.e., at tn =
tB(2n− 1)/2N . At these times, the location is
± xn = x0 + v0tB 2n− 1
2N
+ vrtB
(2n− 1)2
4N
. (17)
Assuming the acceleration is positive, the corresponding
laser phase is 2k
∑N
n=1 xn, where
N∑
n=1
xn =
N∑
n=1
(
x0 + v0tB
2n− 1
2N
+
vrtB(2n− 1)2
4N
)
= Nx0 +
1
2
NtBv0 + tBvr
4N2 − 1
12
. (18)
This laser phase now has to be summed over the four
Bloch oscillation sections in the interferometer. To sim-
plify this, note that the tBvr term is independent of initial
velocity or position, and thus common to all four Bloch
7sections. It cancels out. To sum up the NktBv0 term,
we note that the initial velocities v0 take the values
v1 = 2vr − gtw
v2 = (2 + 2N)vr − g(tw + tB + tf ),
v3 = 2vr − g(T + tw),
vr = (2 + 2N)vr − g(T + tw + tB + th) (19)
Thus, we have
kNtB(v1 − v2 − v3 + v4)
= kNtB
[
2vr − gth − 2vr − 2Nvr
+ g(tw + tB + th)− 2vr + g(T + tw)
+ (2 + 2N)vr − g(t+ tw + tB + th)
]
= 0 (20)
A nonzero contribution will be made by the x0 term. We
denote the four different initial x-values by x1−4. We
need to calculate
2kN(x1 − x2 − x3 + x4) (21)
where x2 − x1 + gT (th + tB) = x4 − x3 and thus
± 2kN(x1 − x2 − x3 + x4) = ±2NkgT (th + tB) (22)
Since the free evolution phase vanishes, Eq. 13, we add
the laser phase from Bragg diffraction Eq. 14 and Bloch
oscillation, including contributions to both arms, and ob-
tain
φ = 4kgT [T +N(tf + tB)] (23)
which is equivalent to the perturbative result.
